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Abstract
We study µ − e conversion with sequential four generations. A large mass for the fourth generation
neutrino can enhance the conversion rate by orders of magnitude. We compare constraints obtained from
µ − e conversion using experimental bounds on various nuclei with those from µ → eγ and µ → ee¯e. We
find that the current bound from µ − e conversion with Au puts the most stringent constraint in this
model. The relevant flavor changing parameter λµe = V
∗
µ4Ve4 is constrained to be less than 1.6 × 10−5 for
the fourth generation neutrino mass larger than 100 GeV. Implications for future µ− e conversion, µ→ eγ
and µ→ ee¯e experiments are discussed.
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I. INTRODUCTION
The standard model (SM) of electroweak and strong interactions based on the gauge group
SU(3)C×SU(2)L×U(1)Y has been rigorously tested in many ways[1], in different sectors involving
gauge bosons, quarks and leptons. The flavor physics in the quark sector including CP violation
is well described by the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix[2, 3] in the charged
current interactions of theW boson with three generations of quarks. Corresponding interactions in
the leptonic sector are not on the same footing. In the simplest version of the SM, there are no right
handed neutrinos, and the left handed neutrinos are massless. This theory conserves lepton flavor of
each family separately, and no flavor changing neutral current (FCNC) processes are allowed in the
leptonic sector. However, the observation of neutrino oscillations requires both a non-zero neutrino
mass and lepton flavor violation (LFV). The SM has to be extended to give neutrino masses and
explain their mixing through a mixing matrix in the charged currents analogous to the CKM matrix
in the quark sector, the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix[4, 5]. There are
many ways to extend the SM to have neutrino masses and mixing, for example, introduction of right-
handed neutrinos to have Dirac mass, or to invoke seesaw mechanism to have Majorana mass, or to
have loop induced masses. The existence of mixing among different lepton generations will induce
FCNC interactions with LFV. To further understand the properties of the underlying theory, one
should not only study whether a model can produce the correct neutrino masses and their mixing,
it is also necessary to study possible implications for other FCNC interaction and confront them
with existing and future experimental data. A particularly interesting process is µ− e conversion.
µ − e conversion has been studied both theoretically and experimentally [6–9]. The quantity
measuring the strength of this leptonic FCNC process is BAµ→e = Γ
A
conv/Γ
A
capt = Γ(µ
− + A(N,Z)→
e−+A(N,Z))/Γ(µ−+A(N,Z)→ νµ+A(N +1, Z − 1). Experimental bounds on µ− e conversion
for several nuclei have been obtained as BAuµ→e < 7 × 10−13[10], BSµ→e < 7 × 10−11[11], BTiµ→e <
4.3× 10−12[12] and BPbµ→e < 4.6× 10−11[13] with the 90% c.f. level. These limits can give important
information for leptonic FCNC interactions.
There are many different ways to extend the SM to have neutrino masses and mixing, and
therefore leptonic FCNC interactions. In this work, we study implications on µ − e conversion, in
one of the simplest extension of the SM by introducing right-handed neutrinos to have Dirac masses.
In this model, µ−e conversion cannot occur at tree level. At one loop level, it can be induced by the
photon and Z penguin, and box diagrams. Since the Glashow-Iliopoulos-Maiani(GIM) mechanism
is in effect, all leptonic FCNC processes involving charged leptons are proportional to m2νi/m
2
W , here
mν is the neutrino mass and mW is the W boson mass. In the SM with three generations (SM3),
due to the very tiny neutrino masses (. 0.2 eV), all LFV rates are extremely small. If the model is
further extended to have a fourth generation (SM4), and if the fourth generation neutrino mass mν4
is large enough, the factor m2νi/m
2
W can even become an enhancement factor, and therefore can have
observable leptonic FCNC effects. In other words, the current experimental bounds can be used to
constrain model parameters. FCNC interaction with SM4 has been studied for a long time[14] and
can also help for solving some of open questions in FCNC quark interaction[15]. Leptonic FCNC
effects, including µ − e conversion, in SM4 have also been studied extensively[16–19]. In our work
we carry out a more detailed systematic study by taking account of all available µ − e conversion
experimental results. We compare constraints obtained from µ − e conversion using experimental
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bounds on various nuclei with those from µ → eγ and µ → ee¯e. We find that the current bound
from µ − e conversion with Au puts the most stringent constraints on model parameters. The
relevant flavor changing parameter λµe = V
∗
µ4Ve4 is constrained to be less than 1.6 × 10−5 for mν4
larger than 100 GeV. Future improved experiments on µ− e conversion, µ→ eγ and µ→ ee¯e will
further constrain model parameters.
II. THE FCNC INTERACTIONS FOR µ− e CONVERSION IN SM4
The minimal set of particle contents in the SM is the gauge bosons of the gauge group
SU(3)C × SU(2)L × U(1)Y with couplings gs, g and g′, the Higgs doublet Φ : (1, 2,+1) with the
component fields and vacuum expectation value (vev) v = 〈h〉 given by Φ = (ω+, (v+h+ iz)/√2)T ,
the three generations of left and right handed up and down quarks, QL : (3, 2, 1/3), UR : (3, 1, 4/3),
DR : (3, 1,−2/3), and the three generations of left handed leptons LL : (1, 2,−1) and right handed
charged leptons, ER : (1, 1,−2). We use the hypercharge normalization that Q = I3+Y/2. Depend-
ing on the nature of the neutrinos, there may be right handed neutrinos, NR : (1, 1, 0) which may
pair up with the left handed neutrinos to have Dirac or by themselves to have Majorana masses.
For a model with Dirac neutrino mass only, the charged lepton and neutrino masses are generated
by the Yukawa interactions
L = −L¯LYEΦER − L¯LYN Φ˜NR + h.c. (1)
where Φ˜ = iσ2Φ
∗, ER = (e, µ, τ, ...)
T
R, NR = (νe, νµ, ντ , ...)
T
R for n generations of leptons. YE and Yν
are n× n matrices.
After the Higgs boson develops a non-zero vev, the leptons will obtain their masses with the
mass matrices for charged leptons and neutrinos which are given by
ME = YE
v√
2
, Mν = YN
v√
2
. (2)
In the basis where the mass matrices are all diagonal, the flavor changing interactions involving
leptons are contained in the PMNS mixing matrix U = (Vij) defined by
L = − g√
2
E¯Lγ
µUνLW
−
µ + h.c. (3)
where EL = (e, µ, τ, ...)
T
L, νL = (ν1, ν2, ν3, ...)
T
L, and U is a n× n unitary matrix for n generations.
For SM3, U can be parameterized as[1]
U =

 c12c13 s12c13 s13e
−iδ
−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13

 , (4)
where cij = cos θij and sij = sin θij with θij being rotation angles and δ being the CP violating
phase.
The charged lepton masses have been measured with great precision. But the neutrino masses
are not. The absolute values for neutrino mass scale, although not known, are constrained to be
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small (mν < 2.3 eV by tritium beta decay experiment[20], and
∑
mi < 0.61 eV by cosmological
observations[21]), and the mass differences are known from neutrino oscillation data. The mixing
angles are also constrained by various experimental data in particular from neutrino oscillation
data. We list these constraints on neutrino mixing and masses in the following
sin2(2θ12) = 0.87± 0.23 [22], sin2(2θ23) > 0.92 [23], sin2(2θ13) < 0.15 CL = 90%[24],
∆m221 = (7.59± 0.20)× 10−5 [22], |∆m231| = (2.43± 0.13)× 10−3eV2[25], (5)
where ∆m2ij = m
2
i − m2j , and mi(i = 1–3) are the mass eigenvalues of neutrinos. Recently T2K
has obtained new evidence[26] showing that the angle θ13 may indeed be non-zero with the 90% c.l.
allowed region 0.03(0.04) ∼ 0.28(0.34) for sin2(2θ13) for normal (inverted) neutrino mass hierarchy.
In this model FCNC processes do not occur at the tree level, but it can happen at one loop
level. Due to GIM mechanism of the model for lepton sector, amplitudes for any leptonic FCNC
processes with charged leptons are proportional to ∆m2ij/m
2
W . Since squared differences of neutrino
masses are constrained as in above, all FCNC processes involve charged leptons including µ − e
conversion, are very small which are well below experimental sensitivity. To have observable FCNC
effects, further extensions are needed. A simple way which can overcome the problem of small
∆m2ij/m
2
W ratio is to have a heavy neutrino in the model. This can be achieved for a model with
four generations (SM4).
The existence of a fourth generation of quarks and leptons is not ruled out although there are
severe constraints. The heavy neutrino must be heavier than mZ/2 such that the precisely mea-
sured Z decay width would not be upset. The LEP II data constraint the mass to be even larger
with mν4 > 90.3GeV at 95%CL [27]. The constraint from electroweak precision data can also be
evaded by imposing appropriate mass splitting between fourth generations[28]. Perturbative unitar-
ity bound on a heavy fourth generation Yukawa coupling constant has been considered[29]. Critical
masses determined by perturbativity for charged leptons and neutrinos are about 1.2 TeV[29]. The
fourth generation neutrinos, if exists, with a large mass in the range about 100 GeV to the unitarity
bound are not ruled out. With the addition of the fourth generation, the PMNS matrix U will
become a 4 × 4 unitary matrix. If mixing matrix elements in Vi4 are not extremely small, larger
FCNC effects can be generated at one loop level. From the neutrino oscillation data, the constraints
on the mixing of the fourth generation with the first three light neutrinos are indeed allowed to be
not extremely small as the large error bars in eq.(5) indicate. There is a chance for large FCNC
effects in the lepton sector.
The strength of muonic FCNC processes is governed by powers of λµe = V
∗
µ4Ve4. Loop induced
FCNC interactions relevant to µ− e conversion can be obtained by standard loop calculations. We
present the one loop effective Lagrangian in two terms in the following, in the limit of neglecting
terms suppressed by light neutrino mass squared divided by the W mass squared,
L(µ→ eγ) = −4GF√
2
e
32pi2
λµeG2(x4)e¯σ
µν(mµR +meL)µFµν ,
L(µ→ e+ qq¯) = −GF√
2
e2
4pi2
λµe
[
Vu(x4)u¯γµu+ Vd(x4)d¯γµd
+Au(x4)u¯γµγ5u+ Ad(x4)d¯γµγ5d
]
e¯γµLµ , (6)
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where σµν = i[γµ, γν]/2, R(L) = (1± γ5)/2, x4 = m2ν4/m2W , and
Vq(x) = −QqG1(x) + 1
2s2W
(Iq3 −Qqs2W )GZ(x)−
1
4s2W
GqB(x) ,
Aq(x) = − 1
s2W
I3GZ(x) +
1
4s2W
GqB(x) ,
G1(x) =
x(12 + x− 7x2)
12(x− 1)3 −
x2(12− 10x+ x2)
6(x− 1)4 ln x ,
G2(x) =
x(1− 5x− 2x2)
4(x− 1)3 +
3x3
2(x− 1)4 ln x ,
GZ(x) =
x(x2 − 7x+ 6)
4(x− 1)2 +
x(2 + 3x)
4(x− 1)2 ln x ,
GB(x) =
x
x− 1 −
x
(x− 1)2 ln x , G
u
B(x) = 4GB(x) , G
d
B(x) = GB(x) . (7)
In the above, Qq is the electric charge of the quark q.
We also present the effective Lagrangian for µ → ee¯e in the following which will be used when
we compare constraints on parameters,
L(µ→ ee¯e) = −GF√
2
e2
4pi2
λµe
[
G2(x4) e¯γµe
qν
q2
e¯iσµν(mµR +meL)µ
+ e¯γµ (aL(x4)L+ aR(x4)R) e e¯γµLµ
]
. (8)
where
aL(x) = G1(x) +
1
s2W
(
−1
2
+ s2W
)
GZ(x)− 1
2s2W
GB(x) , aR(x) = G1(x) +GZ(x) . (9)
The term L(µ → eγ) is generated by the electromagnetic penguin. The loop generates the
function G2(x) for dipole operator. For the terms L(µ→ e+ qq¯) and L(µ→ ee¯e), there are several
contributions. Connecting the photon in the dipole operator, this generates the terms proportional
to G2(x). The electromagnetic penguin also generates a charge radius term. With the photon
connected to a quark or an electron, the terms proportional to G1(x) are generated. Replacing the
photon by a Z boson, terms proportional to GZ(x) are generated. Finally, the box diagram produce
the terms proportional to GB(x). We note that in the large x limit the function GZ(x) linearly
increases, while others are not. The results above agree with those in Ref.[18].
III. µ→ e CONVERSION CONSTRAINTS ON MODEL PARAMETERS
To obtain µ→ e conversion rates from the FCNC interaction discussed in the previous section,
one needs to convert quarks into hadrons which depend on hadronic matrix element calculations.
Theoretical efforts have been made by several group to calculated these matrix elements[6–8]. We
will use the results in Ref.[8] for a consistent calculation. In this framework there are several quark
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level contributions which are parameterized as the following effective Lagrangian
Leff = −4GF√
2
[mµe¯σ
µν(ARR + ALL)µFµν + h.c.]
− GF√
2
[
e¯(gLS(q)R + gRS(q)L)µ q¯q + e¯(gLP (q)R + gRP (q)L)µ q¯γ5q + h.c.
]
− GF√
2
[
e¯(gLV (q)γ
µL+ gRV (q)γ
µR)µ q¯γµq + e¯(gLA(q)γ
µL+ gRA(q)γ
µR)µ q¯γµγ5q + h.c.
]
− GF√
2
[
1
2
e¯(gLT (q)σ
µνR + gRT (q)σ
µνL)µ q¯σµνq + h.c.
]
. (10)
In SM4, at the one loop level, we have, g(L,R)(S,P,T )(q) = 0, gRV (q) = 0, and
AR =
e
32pi2
λµeG2(x4) , AL =
me
mµ
AR , gLV (q) =
e2
4pi2
λµeVq . (11)
The contribution from AL can be neglected compared with that from AR. The contribution from
gL(R)A terms proportional to Aq in eq.(6) is suppressed because the fraction of the coherent process
is generally larger than that of the incoherent one approximately by a factor of the mass number
of the target nuclei[8].
The quantity BAµ→e measuring the leptonic FCNC effect in µ→ e conversion to the leading order
in SM4 is proportional to
|ARD + g˜(p)LV V (p) + g˜(n)LV V (n)|2 , (12)
where
g˜
(p)
LV = 2gLV (u) + gLV (d) , g˜
(n)
LV = gLV (u) + 2gLV (d) . (13)
Combining these, we obtain
BAµ→e
B(µ→ eγ) = R
0
µ→e(A)
∣∣∣∣∣1 +
g˜
(p)
LV V
(p)(A)
ARD(A)
+
g˜
(n)
LV V
(n)(A)
ARD(A)
∣∣∣∣∣
2
, (14)
where
R0µ→e(A) =
G2Fm
5
µ
192pi2ΓAcapt
|D(A)|2 . (15)
The relevant parameters are listed in Table I, which are evaluated using method I in Ref.[8].
In Fig.1 we show constraints on λµe as a function of the fourth generation neutrino mass mν4
using experimental upper limits on µ−e conversion for Au, S, Ti and Pb nuclei. The most stringent
constraint comes from Au. We see that λµe is constrained to be less than 1.6× 10−5 for mνi larger
than 100 GeV. Such a small value for λµe is well within the error bars allowed ranges from neutrino
oscillation data. To see whether µ − e conversion provides the strongest constrains on the model
parameters, one needs to check with other leptonic FCNC processes. In the next section we compare
the µ − e conversion constraints with those obtained from other two well known leptonic FCNC
processes µ→ eγ and µ→ ee¯e.
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A D(A) V (p)(A) V (n))(A) R0µ→e(A)
27
13Al 0.0362 0.0161 0.0173 0.0026
32
16S 0.0524 0.0236 0.0236 0.0028
48
22Ti 0.0864 0.0396 0.0468 0.0041
197
79 Au 0.189 0.0974 0.146 0.0039
208
82 Pb 0.161 0.0834 0.128 0.0027
TABLE I: The relevant parameters for µ− e conversion processes, which are evaluated by using method I
in Ref.[8].
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FIG. 1: Constraints on |λµe| as a function of neutrino mass mν4 from current experimental bounds on µ−e
conversion, µ→ eγ and µ→ ee¯e.
IV. COMPARISONS WITH CONSTRAINTS FROM µ→ eγ AND µ→ ee¯e
µ → eγ and µ → ee¯e are two well known processes which provide stringent constraints on lep-
tonic FCNC interactions. Experimental measurement for µ→ eγ is not an easy task. Nevertheless,
several groups have made efforts in obtaining limit on this decay. No positive result on the ob-
servation of this decay has been reported. The best upper bound at the 90%CL, set more than
10 years ago, is B(µ → eγ) < 1.2 × 10−11[30]. Recently MEG collaboration has reported their
preliminary result on the upper limit with B(µ → eγ) < 1.5 × 10−11 based on their 2009 physics
data collection[31]. This bound is slightly weaker than the best upper bound. It is, however, in-
triguing to note that they did have a few events well separated from backgrounds in their photon
and electron energy cuts plot. However, due to low statistics, no positive claims can be made.
MEG experiment has potential to improve the sensitivity by two orders of magnitudes, 10−13[32].
Experimental studies of µ→ ee¯e has put a stringent limit on the branching ratio. The current best
limit is B(µ→ ee¯e) < 1.0× 10−12[33].
Using the effective Lagrangian L(µ→ eγ) in eq. (6), one can obtain the branching ratio B(µ→
eγ) = Γ(µ→ eγ)/Γ(µ→ eνν¯). Neglecting me, one obtains
B(µ→ eγ) = 384pi2(|AL|2 + |AR|2) , (16)
where AR,L are defined in eq.(11). If the mass me is kept, one should divide, in the above expression,
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FIG. 2: Ratios of BA(µ−e)/B(µ→ eγ) and B(µ→ ee¯e)/B(µ→ eγ) as functions of mν4 .
a phase factor I(x) = 1−8x+8x3−x4−12x2 ln x with x = m2e/m2µ. Radiative corrections from QED
also modify the above expression by dividing a factor 1 + δQED with δQED = (α/2pi)(25/4− pi2).
The branching ratio for µ→ ee¯e can be deduced from L(µ→ ee¯e) in eq.(8). We have
B(µ→ ee¯e) = α
2
16pi2
|λµe|2
[
a2R(x4) + 2a
2
L(x4)
− 4G2(x4)(aR(x4) + 2aL(x4)) + 4G22(x4)
(
4 ln
mµ
me
− 11
2
)]
. (17)
The constraints on the parameter λµe as functions of mν4 for bounds from µ→ eγ and µ→ ee¯e
are also shown in Fig.1. The constraint obtained from µ → ee¯e is weaker for neutrino mass mν4
less than 255 GeV than that from µ → eγ, but becomes stronger for larger mass for the current
experimental bounds. This property is mainly caused by Z-penguin contributions. However, the
constraints from µ − e conversion on Ti and Au are better than those from µ → eγ and µ → ee¯e.
The best constraint comes from µ− e conversion on Au nuclei.
In Fig.2 we show the ratios of BA(µ−e)/B(µ → eγ) and B(µ → ee¯e)/B(µ → eγ) as functions of
mν4 . For a given fourth generation neutrino mass, the ratios are fixed independent the value of
λµe. We see that in the region with mν4 larger than 100 GeV, the ratios for µ − e conversion of
various nuclei are larger than one implying that if the experimental values for the µ− e conversion
rate and µ→ eγ branching ratio are similar, the constraint from µ− e conversion will give stronger
constraints on the parameter λµe which explains the fact that the current experimental bounds on
µ − e conversion from Ti and Au provide stronger constraints. When mν4 becomes larger ratios
become larger due to the fact that the Z penguin whose contribution increases with m2ν4 for µ − e
conversion and µ→ ee¯e, but µ→ eγ increases only logarithmically in large mν4 limit.
If one takes the well separated events of the MEG data as µ → eγ events, the branching ratio
implied would be of order 10−12, we will take an assumed branching ratio of 3× 10−12 to show the
implication on the parameters required to produce it. We show the results in Fig.3. We see that such
a possibility is ruled out by µ− e conversion on Au nuclei in this model (see also Fig.1). In Fig.3,
we also plot possible constraints on parameters using several projected experimental sensitivities
on the µ − e conversion, µ → eγ and µ → ee¯e. We see that the improved experiment MEG on
µ → eγ and MuSIC[34] on µ → ee¯e can obtain better constraints than the current Au bound.
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FIG. 3: Constraints on 4th-generation mixing coupling |λµe| as a function of neutrino mass mν4 from
several future experimental sensitivities on µ− e conversion, µ→ eγ and µ→ ee¯e.
Future experiments Mu2E[35]/COMET[36] and PRISM[37] for µ − e conversion using Al and Ti,
respectively, can obtain much better constraints.
V. CONCLUSIONS
We have studied µ−e conversion in the SM with four generations. A large massmν4 for the fourth
generation neutrino can enhance the conversion rate by orders of magnitude. We have compared
constraints obtained from µ− e conversion using experimental bounds on various nuclei with those
from µ→ eγ and µ→ ee¯e. We found that the current bound from µ − e conversion with Au puts
the most stringent constraint in this model. The relevant flavor changing parameter λµe = V
∗
µ4Ve4 is
constrained to be less than 1.6×10−5 for mν4 larger than 100 GeV. The goal of MEG experiment is
to have a sensitivity of 10−13 for B(µ→ eγ), which can compete that of µ− e conversion in Au in
this model. Therefore, the model prediction can be tested by combining these coming data. There
are several proposed experiment for µ−e conversion, Mu2E[35], COMET[36] and PRISM[37], which
will tell us detailed information of lepton flavor mixing. In addition, successful running and energy
upgrade of Large Hadron Collider will search for sequential fourth generation fermions. The fourth
generation model will be explored directly and indirectly by future experiments in great detail.
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